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Abstract. In this work we introduce an obstruction for the existence of symplectic structures on 
nilpotent Lie algebras. Indeed, a necessary condition is presented in terms of the cohomology of the 
Lie algebra. Using this obstruction we obtain both positive and negative results on the existence of 
symplectic structures on a large family of nilpotent Lie algebras. Namely the family of nilradicals of 
minimal parabolic subalgebras associated to the real split Lie algebra of classical complex simple Lie 
algebras. 
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1. Introduction 

A nilmanifold is an homogeneous manifold M = T\N where is a simply connected nilpotent Lie 
group and T is co-compact discrete subgroup of N. For these compact manifolds the natural map 
from i/^^(n), n the Lie algebra of N, to the de Rham cohomology group H^{AI,M) is an isomorphism 
for all < i < 2n, as showed by Nomizu in [12] . 

In particular this implies that any symplectic structure on a nilmanifold is cohomologous to an 
invariant one. Thus to solve the problem of existence of symplectic structures on the nilmanifold 
r\A^ reduces to find a non-degenerate closed 2-form w on the Lie algebra n; if it exists n is called a 
symplectic Lie algebra. Here we work from this Lie algebra point of view. 

The goal of this work is to prove that every symplectic nilpotent Lie algebra has a certain non-zero 
component on its cohomology. Actually, the intermediate cohomology of a Lie algebra n (concept 
presented by the author in [2] ) is used in Theorem 13.21 to give a necessary condition for n to admit 
a symplectic structure. As an application, we study the validity of this property on a particular 
subfamily of nilpotent Lie algebras. 

Benson and Gordon in [IJ proved that the Hard Lefschetz Theorem fails for any symplectic non- 
abelian nilpotent Lie algebra. In order to show this, they deduce some general structure results of 
symplectic nilpotent Lie algebras. Nevertheless there are not many general conditions to determine 
whether a given nilpotent Lie algebra is symplectic or not. 

Until now there are known all the symplectic nilpotent Lie algebras up to dimension 6 (see [6l[T3] for 
instance) and this list is mostly build-up by studying case by case. But the lack of a full classification 
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of real nilpotent Lie algebras of dimension > 8 makes this method non-feasible to find the symplectic 
Lie algebras in greater dimensions. 

Moreover, several authors studied the problem on different subfamilies of nilpotent Lie algebras. For 
example, the classification of symplectic filiform Lie algebras, which are Lie algebras n of nilpotency 
index k = dimn— 1, is given in [11 1. Moreover, in [5] the authors work with Heisenberg type nilpotent 
Lie algebras. Among nilpotent Lie algebras associated with graphs, a complete description of the 
symplectic ones can be made in terms of the corresponding graph |13j . The full classification of the 
symplectic free nilpotent Lie algebras is done in j3J. 

In this context, the aim of this work is to contribute with a better understanding of the structure 
of symplectic nilpotent Lie algebras. Its organization is as follows. Section 2. is devoted to an 
introduction to the intermediate cohomology of nilpotent Lie algebras and the development of the 
properties that will be used later on the presentation. In Section 3. we study the relationship between 
symplectic structures and intermediate cohomology. This leads us to a necessary condition for a 
nilpotent Lie algebra to admit a symplectic structure. We notice that this condition is not sufficient 
in general. 

In Section 4 we restrict ourselves to the study of the existence of symplectic structures in the family 
of nilradicals of minimal parabolic subalgebras associated to the real split Lie algebras corresponding 
to complex classical simple Lie algebras. We prove that the obstruction in Theorem l3.2l is also sufficient 
for that family. This allows us to obtain both positive and negative results about the existence of 
symplectic structures in this case. 

Recall that for the nilpotent complex case Kostant in [TU] describes the Lie algebra cohomology 
groups of the nilradicals of Borel subalgebras for any irreducible representation as a direct sum of one 
dimensional modules of multiplicity one. The real version of his description was recently given in |15) . 
Here we also use a decomposition of the cohomology groups but the summands are not in one to one 
correspondence with those of neither Kostant (in the complex version) nor Silhan in the real case. 

2. Intermediate Cohomology of nilpotent Lie algebras 

The concept of intermediate cohomology of nilpotent Lie algebras and a deep study of its properties 
were analyzed by the author in [2j. For completeness of this work we give here a brief introduction to 
this cohomology by quickly reviewing its definition and the properties that will be used later. 

Let Q denote a real Lie algebra. The central descending series of g, {g*} for all i > 0, is given by 

0° = 5, 0' = [0,0'"^], i > 1- 

A Lie algebra g is A:-step nilpotent if g*^ = and g*^^^ 7^ 0; this number k is called the nilpotency 
index of g. Nilpotent Lie algebras will be denoted by n. Abelian Lie algebras are 1-step nilpotent. 
Moreover, 2-step nilpotent Lie algebras verify C ^(n), where 3(n) denotes the center of n. 
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The Chevalley-Eilenberg complex of a Lie algebra g of dimension m is 

(1) ^ M ^ g* A A2g* A A"g* . 

We identify the exterior product A^g* with the space of skew-symmetric p-linear forms on g, thus each 
differential dp : A^g* — > A^+^g* is defined by: 

dpC (xi , . . . , Xp-|_i) — ^ ^ ( 1) c( [xj , Xj'\, xi , . . . , Xj , . . . , Xj , . . . , Xp^i) . 

l<i<j<p+l 

The first differential di coincides with the dual mapping of the Lie bracket [ , ] : A^g — > g and 
the collection of dp is a derivation of the exterior algebra A*(g*). We will denote d instead of dp 
independently of p. 

The cohomology of (A*g*,fi) is called the Lie algebra cohomology of g (with real coefficients) and 
it is denoted by H*{q,M) and more often as H*{q) if there is no place to confusion. For nilpotent Lie 
algebras ^^(n) ^ n/n^ and dimi?2(n) > 2 

When the Lie algebra is nilpotent, a filtration of the cochain complex in Eq. ([1]) arises in the 
following manner. Consider the subspaces of n* defined by Salamon in |14] 

(2) Vo = Vi = {a£n* :da£ A^Vi-i} i > 1. 

Then Vq C Vi C ••• C C ••• Cn* and Vi is the annihilator of n*, the zth-ideal in the central 
descending series; that is Vi = (n*)°. In particular, n is a /c-step nilpotent Lie algebra if and only if 
Vk = n* and Vfc_i / n*. 

Suppose n is a A;-step nilpotent Lie algebra of dimension m, then for any q = 0, . . . ,m, the space of 
skew symmetric (/-forms A'?n* is filtered since 

(3) = A'^Vo C A^Vi C . . . C A^Vfe^i C A^Vfe = AW. 

In addition each of these subspaces is invariant under the differential, therefore 

(4) F^C* :O^R^Vk-p^ A^Vk-p > A'^Vk-p 

is a subcomplex of the Chevalley-Eilenberg complex for each fixed p and {i^^C*}p>o constitutes a 
filtration of the complex in Eq. ([T|). 

As any filtration of a cochain complex, {F*'C*}p>o gives rise to a spectral sequence {-E^''^(n)}^>Q^. 
In this case, this spectral sequence always converges to the Lie algebra cohomology of n (see |2] and 
references therein). In particular this implies that each cohomology group W{n) can be written as a 
direct sum of the limit terms of the spectral sequence. Namely 

(5) H\n) ^ EP^^in) for alH = 0, . . . , m. 

p+q=i 

This way of describing the cohomology groups as a sum of smaller spaces suggests us the following 
definition. 
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Definition 2.1. Let n be a nilpotent Lie algebra of dimension m. Then, for each i = 0, . . . ,m, the 

intermediate cohomology groups of degree i of n are the vector spaces E^{n) withp + q = i. 

Notice that for each i = 0, . . . , m there is a finite amount of non-zero intermediate cohomology 
groups of degree i. 

Each intermediate cohomology group can be described using the Lie algebra differential restricted 
to the subspaces in the filtration: 



(6) ^^''(n) 



{x e AP+Wk-p ■.dx = 0} 



d{{x € AP+3-in* : dx G AP+iVk^p}) + {x e AP+iVk-p-i : dx = 0}' 

If a nilpotent Lie algebra n can be decomposed as a direct sum of a one dimensional ideal M and a 
nilpotent Lie algebra of dimension one less than n, a similar formula to the Kiinneth formula can be 
stated for the intermediate cohomology. 

Theorem 2.2 (pj). Let n be a k-step nilpotent Lie algebra which can be decomposed as a direct sum 
of ideals n = M f). Then f) is k-step nilpotent and for all < r < oo it holds 

(1) E?'~P{n) = for allp = 0,...,k-2 and Er'^'^'''{n) ^ R. 

(2) Er~^'^~\n) ^ Et^^^-\l))®R, 

(3) E?''-Pin) - E?''-Pit)) ifp<k-2, 

(4) Erin) ^ E^it}) e Er-\t}) ifp + q> 2. 

Throughout an inductive procedure the next result follows. 

Corollary 2.3. Suppose n is a non-abelian nilpotent Lie algebra. Then E^(R^ © n) = E^[n) for 
any s > 0. 

3. SyMPLECTIC STRUCTURES AND THE E^ INTERMEDIATE COHOMOLOGY GROUP 

A symplectic structure on a differentiable manifold M is a differentiable closed 2-form that is 
non-singular at every point of M. Not every manifold admits such a structure. For example, it is well 
known that compact manifolds having zero second de Rham cohomology group do not admit symplectic 
structures. When M is a nilmanifold this criteria is useless since if|^(M) = H'^in), always non-zero 
for nilpotent Lie algebras ([5)- And yet there exists non-symplectic nilmanifolds. We present here an 
adapted version of this criteria that can be used to determine non-existence of symplectic structures 
on nilmanifolds. 

Recall that a Lie algebra is symplectic if it admits a skew-symmetric bilinear form u which is both 
closed and is non-degenerate. In Theorem 13.21 we prove that there is a close relationship between the 
existence of symplectic structures on a nilpotent Lie algebra n and its intermediate cohomology group 
E^\n). From this, a new general obstruction for the existence of these structures on nilpotent Lie 
algebras is deduced. 
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Let n be a nilpotent Lie algebra and uj a symplectic structure on n. Consider an element z ^ n and 
define the bracket [[ , ]] in fi = n © Mz from that one [ , ] in n as follows: 

[[x,y]] = [x,y]+uj{x,y)z, [[x,z]]=0 forallx,yGn. 

Notice that n is the central extension of n by uj; this extension was considered in [1] to describe 
symplectic nilmanifolds as subquotients of coadjoint orbits. 

Lemma 3.1. Let n be a nilpotent Lie algebra with a symplectic structure u and consider the extension 
n described above. Then, n is nilpotent and it verifies 

Ln particular E^{\{) ^ 0. 

Proof. It is easy to check that n is nilpotent and has its center spanned by z. So it is possible to 
construct on each n* and n* the filtration described in the previous section. 

Denote by y Vi the subspaces of n* and n* respectively defined in Eq. ([2|). Then 

Vi = Vi, i = 0,...,k, Vfc+i = n*. 

Let d be the differential of n and let C G fi* be such that ({z) = 1, C(ti) = 0. It holds dC = —uj. 
Moreover, the restriction of d to n* coincides with the differential d of n. From ([6]) 

{x e A^n* : dx = 0} f0.2.„n _ {x e A^n* : dx = 0} 

+ e AVfc-i : = 0} ^ {xG A214_1 :dx = 0}' 

Since the symplectic form uj is non-degenerate, uj ^ A'^V^-i and the equation above holds. I 
An immediate consequence is: 

2 

Theorem 3.2. If n is a nilpotent Lie algebra which verifies Ec^ (n) = 0, then M'^ n does not admit 
symplectic structures for all s >0. 

Proof If (n) = then n is non-abelian (see [21 3.1 Examples]). Then Corollary 12.31 implies that 
E)^^{n) = El!i\W © n) = for any s > 0. By the previous Lemma, M'^ © n does not admit symplectic 
structures. ■ 

The reciprocal result to that in Theorem 13.21 is not valid in general as the next example shows. 

Example 3.3. Let nm,3 be the free 3-step nilpotent Lie algebra on m generators. Recall that xVm.z — 
fm/ (fm)'^ where fm is the free Lie algebra on m generators. On the one hand, when m > 3 the Lie 
algebra rim, 3 does not admit symplectic structures as proved in [3] . 

On the other hand, E'^{nm,3) = for all m. Indeed, consider the Hall basis B of nm,3 for a set of 
generators {ei, . . . , Cm}; the elements in B have the form 

Cj, [cj, Cfc], [[cr, Cs], et], for i = 1, . . . , m, 1 < k < j < m and l<s<r<m, t>s. 
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These basis were introduced by Hall in [7\ and they are the usual ones to work with when dealing 
with free Lie algebras. The dual basis of B consists of 1-forms a*, a^^^a^'^* and its differentials, by 
Maurer- Cartan formulas, are 

da'' = 0, i = 1, . . . , m, 
da^^ = —a* A Q-^ , I < j < i < m, 
da'^^ = -a*-' A a'^, l<j<i<m, k>j. 

The filtration in Eq. ([2]) of 3 is 

V\ = span {a*, i = 1 . . . , m}, V2 = span {a*, a^^, i = 1, . . . ,m,l < k < j < m} and V3 = 3. 

For each l<j<i<m, k>j the 2-form d'^^ A defines a non-zero element in {xVm^'i) ■ In 
fact d{a^^^ A a'') = —a'-' A a''' A a'^ = so a'-''^ is a closed form in Vi A (n^)* but a^^^ /\a^ ^ A^V2- 
Therefore El^{nm,'i) / 0. 

Remark. Nilpotent Lie algebras associated with graphs admitting symplectic structures were charac- 
terized in terms of their graphs by Poussele and Tirao in |13] . Meanwhile it is possible to show that 

2 

all 2-step nilpotent Lie algebras associated with graphs verify E^i ^ 0. Therefore in this family the 
reciprocal result to that one in Theorem \3.S\ neither holds. 

3.1. Aut(n) action on E^{x\). Once it is known that a certain Lie algebra is symplectic, it is 
interesting to classify its symplectic forms up to equivalence. In the case of symplectic nilpotent 

2 

Lie algebras the subspace E^i^ is non-zero. What we study here is how this subspace helps to this 
classification problem. 

The automorphism group of a Lie algebra 3 is 

Aut(g) = {Ae GL(g) : [Ax, Ay] = [x,y] for aU x,y & g}. 

This group acts on LI'^{q) in the following way: A-[uj] = [(j4^^)*a;], for all A G Aut(g) and [uj] G -ff^(g). 
Here {A~^)* denotes the automorphism of the exterior algebra A*n* induced by (^4^^)* : g* — > g*. 

When the Lie algebra is nilpotent, its group of automorphisms Aut(n) acts similarly in E^{n). 
Given a closed 2-form uj in A^n* denote with [w]'^'^ its class as an element of the quotient space 

{x € A^n* ■.dx = 0} ^ 0,2. ^ 
{x € A^Vk^i : dx = 0} 

Any element in Aut(n) preserves the filtration in ([3]) of n* and in particular {A~^)*Vk-i = Vk-i- 
This implies that if coi, UJ2 are closed 2-forms on A^n* with [a;i]°'^ = [a;2]°'^ then [{A^^)*uji]^''^ = 
[[A^^)*uj2\^''^ ■ Therefore, the following action is well defined: 

(7) Aut{n)xE'J{n) E'J{n) 

{A, MO'2) ^ A ■ = 
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Proposition 3.4. For any nilpotent Lie algebra n the map 

is an Aut(n) equivariant map. Moreover, the orbit map p : //^ (n) / Aut (n) — > i?^^ (n) / Aut (n) is 
surjective. 

Proof. The fact that d(n*) C A'^Vk-i imphes that the map p : H^{n) — > E^^, p{[uj]) = [uj]^'^ is well 
defined and surjective. Hence so is p. 

Notice that p is injective if and only if dim//^(n) = dim£'Si^(n) and this situation occurs only when 
n is a 2-step free nilpotent Lie algebra. ■ 

2 

In the next example we show that the quotient map p is not always injective, even when Eoi^ ^ 0. 
Example 3.5. Let n be the six dimensional nilpotent Lie algebra having non-zero Lie brackets 

[61,62] =64, [61,63] =65, [61,64] =66. 

Denote by {e^, . . . , e^} the dual basis of n* . The followings are symplectic forms on n: 

= A 6^ - 6^ A 6^ + 6^ A 6^, a;2 = 6^ A 6*^ + 6^ A 6^ + 6^ A e^. 

They verify 7^ [(^i]^'^ = [1^2]*^'^ = [e^ A 6^]*^'^. However through direct computations one can prove 
that the de Rham cohomology classes of oji and UJ2 do not belong to the same Aut{n)-orbit. 

4. Classification of symplectic nilradicals. 

In this section we study the intermediate cohomology of the real nilpotent Lie algebras n arising as 
nilradicals of minimal parabolic subalgebras of the real split forms of semisimple complex Lie algebras 
0. In particular we show that E^{n) = (in almost every case) when considering g to be a classical 
simple complex Lie algebra. According to the results in the previous section those nilpotent Lie 
algebras do not admit symplectic structures. Even more, we prove that if ^'^^(n) 7^ then n does 
admit such structures. 

2 

To determine the intermediate cohomology group Eoo of those nilpotent Lie algebras, our main tool 
is the root decomposition of semisimple Lie algebras. For this subject we give the book of Helgason 
[8] as a reference. The understanding of those systems allows the description of the filtration in Eq. 
([2]) in terms of the root spaces. 

Let be a semisimple complex Lie algebra and let A be a root system of 0. Then = © 
©oeA-{o} 0"' where {) is a Cartan subalgebra of g. Denote as A+ the set of positive roots. The Lie 
algebra 

(8) »^ = 5" 

is complex nilpotent. 
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Remark. Given a complex nilpotent Lie algebra n, the filtration described in Eq. ([2]) and the induced 
spectral sequence are also canonically determined by n. Therefore each Lie algebra cohomology group 
with complex coefficients H^{n,C) decomposes as in Eq. ([5]). 

In the particular case that n is the nilradical in ^ of a Borel subalgebra of a complex semisimple Lie 
algebra, Kostant proved that H^{n,C) is a direct sum ofT-modules of dimension one (see [9, Theorem 
6-1]) where T is the diagonal subgroup of the semisimple Lie group. The action ofT on n can be induced 
to A'^n* and commutes with the Lie algebra differential. As a consequence, the canonical filtration of 
n* is preserved by the T-action and the intermediate cohomology groups E^ are T-modules. But E^ 
is not irreducible in general. In particular, each (complex) intermediate cohomology group of n is a 
sum of Kostant 's one dimensional modules. 

The Lie algebra n in Eq. ([8]) admits a basis {Xa}aeA+ such that = CXa and the structure 
constants of n in this basis are in M. The object of study in this section is the real nilpotent Lie 
algebra having those real structure coefficients; we will also denote it as n. 

This real nilpotent Lie algebra n is the nilradical of the minimal parabolic subalgebra of the split 
form corresponding to the semisimple Lie algebra q. 

We pursue the computation of the filtration of the Chevalley-Eilenberg complex of n and the inter- 
mediate cohomology group E^{n). 

Denote as Aq = {ai, . . . , Or} the subset of positive simple roots of g. Then for any positive root a 
there are non- negative integers n^, i = 1, . . . , r such that 

r 

a = y^^njOii. 

1=1 

In this case we say that the level of the root is £{a) = Yll=i''^i- Clearly the roots of level 1 are 
only the simple roots. There exists a unique positive root Qmax of maximal level, that is, such that 
£{a) < ^(omax) for ah a G A+. 

For each i G N define Li = ^a i{a)=i where Xa is as before. Then 

i>i 

and n is an N-graded Lie algebra. 

Let a be a positive root of level m and let 7^ G n* be the dual element of Xa. Since [fli,£|j] = Qm 
for all i + j = m, it holds 

(9) dTaS L*AL*. 

i+j=m 

In particular dja = if and only if q is a simple root. This accounts into a description of the subspaces 
in 1^ of n* as follows 

^0 = 0, Vj = span{-f^:m<j} = Ll(B---(BL*, j = l,...,k. 
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Notice that the nilpotency mdex of n is = ^(amax)- 

We proceed by making an insight into the space of closed 2-forms which we denote as Z^. Such a 
form is an element of A^n* = 0i<j<j</c L* A Lj. In this context, the result of Benson and Gordon [U 
Lemma 2.8] assures that Z'^ is contained in a strictly smaller subspace: 

Z^<ZLlALl(B L*AL*. 

^<i<j<k-l 

Therefore any w € Z^ can be written as a sum uj = a + u where 

(10) aeLlALl, a) G L* A L* and da = -duo. 

l<i<j<k-l 

The vector space has dimension one and is spanned by Ta^^x- Moreover = Vi is spanned 
by the 1-forms 7a^, i = 1, . . . ,r where ai, . . . , are the simple roots. Hence a = "lama,^ A r/, with 
^ = Ya=i 7a« e Vi, ri £R. 

Since drj = 0, da = d'ya^a.^ A rj and by Eq. Q, 

(11) da e Ll_^ALlALl ® L* A L* A L\. 

i+j = k 

l<i<j<k-2 

In addition, 

(12) dC:; e A^{Ll^i®Ll_2®---(BLl). 

The key here is to compare components of da and —doj in particular subspaces of those in Eqns. 
pT]) and p^ . For classical complex simple Lie algebras this idea allows us to prove that C A^Vfc_i 
which by ([6]) implies E^{n) = 0. 

Remark. The structure of the semisimple Lie algebra q is independent of the root system. Therefore, 
the real nilpotent Lie algebra associated to a certain root system is isomorphic to the nilpotent Lie 
algebra arising from a different one. For this reason we can choose the root system of Q that is more 
convenient for us to make calculations easier. 

The result we obtain is the following. 

Lemma 4.1. Let n be the nilradical of a minimal parabolic subalgebra of the real split Lie algebra 
corresponding to the complex classical simple Lie algebra g. 

(1) // = s[ (n + 1, C) for some n > 3 then E^o^{n) = 0. 

(2) // = so (2n + 1, C) for some n > 3 then E^J'iv) = 0. 

(3) //g = sp (2n,C) for some n > 3 then E^o^{n) = 0. 

(4) // = so (2n, C) for some n>4 then E'^^{n) = 0. 



Using this Lemma, the full classification of the nilradicals admitting symplectic structures is ob- 
tained. 
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Theorem 4.2. Suppose n is a nilradical of a minimal parabolic subalgebra of the real split Lie algebra 
corresponding to the complex classical simple Lie algebra q. The Lie algebra of even dimension M** ©n, 
s > admits symplectic structures if and only if g is one of the followings: 



Proof. The nilradical n of si (2, C) is the abelian Lie algebra of dimension one and clearly M©n admits 
symplectic structures. When q = s[(3,C), then n is the Heisenberg Lie algebra of dimension 3. It is 
well known that R © n admits symplectic structures in this case also. 

The nilradical corresponding to so (5, C) is the 4-dimensional 3-step nilpotent Lie algebra which can 
be endowed with a symplectic structure. 

When is not one of the Lie algebras above, Lemma [4.11 implies that its nilradical n has £'5^^(n) = 0. 
After Theorem 13.21 those nilpotent Lie algebras are not symplectic. ■ 

We proceed with the proof of Lemma l4.1[ This is made using the canonical root systems known for 
classical simple Lie algebras. Moreover it is performed separately by cases because of the differences 
between those root systems. The order in which the cases are exposed is from the easiest to the most 
difficult one. 

Proof. Part (1) of Theorem 14. li Let g = s[(n + 1, C), n > 3. If n = 3, the Lie algebra n is isomorphic 
to the Lie algebra of strictly upper triangular matrices 4x4 for which can be easily shown that 



Suppose n > 4 and consider the Cartan subalgebra for which the positive roots are Cj ± ej, 
l<i<j<n + l. The set of simple roots is Aq = {oj = Cj — Cj+i : i = 1, . . . ,n}. Moreover the 
maximal root is Omax = X^ILi '^i' hence the nilpotency index /c of n is /c = n. There are two different 
roots of level n — 1, namely 6i = X]r=/ '^i '^2 = ^^=2 ^i'^ ™ particular dimLjt_i = 2. 

Let be a closed 2-form in n*, then uj = a + Co where a and Co satisfy the conditions in (jlOp . The 
fact that da = —dw implies that the components of da and —dCo in the subspace L*^_^ f\ L\ f\ L\ are 
equal. So we compute both components. 

As before, a = 7q^^^ A ?? where r] = Ya=i '^Han G M i = 1, . . . , n and da = d-^^^^^ A Using 
Equation ([9]) and the fact that Omax = ^i+On = we obtain d'ja^^^ = ai 75i ^^a„ +02 752 ^70-1 + r 

with r G A^Vfc_2 = A^(L^_2 © • • • © L^) and ai,a2 G M are both non-zero. This implies that the 
component of da = d^a^s.^ A ry in L*^_^ A A L* is 



s[(2,C), s 



[(3,C), so(5,C). 



E^'Jin) = 0. 



n 



n 



(13) 




1=1 



i=l 



To find the component of duo in the same subspace, write Co = oji + Coi with 



(14) 



wi G Ll^^AL*2, 



^1 e iLiA(0 L*)@ A\Ll_^®---@Ll). 



3<k-l 



jV2 
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Hence by Eq. (P, 

(15) duji G Ll_^ A LI A LI® L* A L* A L^. 

i+j = k — l 

By the same equation dwi has no component in that subspace. Therefore the component of da 
equals the component of —doji in Ll_^ A L\ A L\. 

Since n > 4 it is L^_^ ^ and the roots of level 2 are {oj + Oi+i : i = 1, ... ,n — 1}. Hence 
^l-i ^ ^2 has a basis of the form {75^ A Ja,+ai+i,7S2 A 7ai+a,+i ■ i = 1, ■ ■ ■ ,n - 1}. Then 

n—l n—1 

wi = ^ 6i 75i A la,+a,+i + X] Cj A 7a.+a.+i , where bi Ci € M, Vi 

2=1 i=l 

Equation ([9]) implies that dja^^ai+i = ^iTaj A Ja^+i where 7^ 0, for alH = 1, . . . , n — 1. Then 

n— 1 n—l 
- dwi = J2 ^i^nSi ^ 7a. A -fa,+i + ^ Ci^i752 A 7^^ A 7„,^, 

j=l j=l 

n n 
2=1 i=l 

The component of -duJi in A L| A is 

n—l n—l 

(16) ^ 6i^i7<5i A 7a, A 7a,+i + J]] CiCi752 A 7a. A 7„,+, . 

i=l i=l 

Indeed, the element ^75, belongs to A^Vfc_2 for i = 1,2 because 75, € -^fe-i ^ ^fc-i- 

Formulas and (fT6|) give the components of da and — dwi in L^_j^ ALJ ALJ which must be equal, 
that is, 

n—l n—l n—l n 

X] biias^ A 7„, A 7„,^, + ^ Ci^i752 A 7a, A 7a,_^i = ^ airas^ A 7„„ A 7^, + ^ a2?^i752 A 7„, A 7„, . 

i=l 1=1 i=l i=2 

This expression implies that rj = for alH = 1, . . . , n. Then 77 = implying o" = 0. The conclusion 
here is that if w = o" + w is closed then (7 = 0, that is, ui € K^Vk-i and therefore E^{x\) = as we 
wanted to prove. ■ 



Proof. Part (3) of Theorem 14. II Let 3 = sp(2n, C) for some n > 3. We prove the statement for n > 4. 

Let f} be the Cartan subalgebra of g associated to the set of positive roots A"*" = {ei±ej : I < i < j < 
n, 2ei, i = 1, . . . , n}; the subset of simple roots is Aq = {oi := — ej+i : i = 1, . . . , n — 1, a„ := 2en}- 
The maximal root is amax = Y17=i 2«i + «n from which we deduce that n is 2n — 1-step nilpotent; set 
A; = 2n — 1. Unlike the previous case, dimL^._i = 1; the root of level k — 1 is 6 = ai + Yl^=2 "^^i 
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Consider a closed 2-form uj G A^n* with a; = o" + a) as in Equation (llOp . We are interested in the 
components of da and (hj in the subspace AL\AL'[ i^,_2 A L2 which must be opposite. 
Below we compute them both. 

As before a = Jams.^ ^ V where 7/ is a linear combination of the 1-forms 7^^, i = 1, . . . , n. Moreover 
ttmax = 6 + ai. The roots p = ai + 02 + X]"=3^ + a„ and p' = "^^^2 are the only ones of 

level A: — 2 so 

(17) c^Tomax = oiTai A 75 + 027^1+02 A 7p + r, oi / 0, 02 / 0, with r G A^ Vfc_3. 

In fact, amax = 5 + ai and there do not exists any positive root /3 such that fi + p' = amax- 
From Eq. (flTl) . 

do- = d7Q,„„^ A r/ = ai7ai A 75 A r? + a27ai+a2 A 7p A r/ + r A r/, being t At] e A^Vks 
and its component in L^_-|^ A L| A © L^,_2 A A is 

(18) aijai A 75 A ?? + a27ai+a2 /\'lp/\V- 

To find the component of doj let t^i and wi be 2-forms such that uj = loi + Cji where 
uji(^Ll_^MlmLlMl_^, and ^iGLi,_^A(0 L*)©L^_2A(0 L* ) m Iv\LI_^® ■ ■ ■ ® L\). 

j<k-l j<k-l 

Using Eq. ([9]) for the differential of basic 1-forms one obtains 

duJi e Ll^-i^ALlALl © Ll_2ALlAL\. 

and (ia}i has zero component in the same subspace. Hence the component of dCj in L*j^_i AL\ AL\ © 
L^_2 A L2 A LJ is the component of duJi in that subspace. 

In this case, ^(/3) = 2 if and only if /3 = + Oj+i for some i = 1, . . . , n — 1. Thus L*f,_^ A admits 
{lai+ai+i f^lSi i = 1, . . . , n — 1} as a basis. The roots of level three are + aj+i + ai+2, « = 1, . . . , n — 2 
and 2a„_i + a„. 

Since n>4, 3/A;-2 and A L^_2 spanned by {7Q,+a,+i+a,+2 7p; 7a,+a»+i+a»+2 A 7p' : i = 
1, . . . , n - 2, 72a„_i+a„ A 7p, 72a„_i+an A 7p/}. The 2-form wi can be written as 

n— 1 n~2 

'^l = X] 7.5 + X] di7a»+a,+i+a,+2 A 7p + (in -l72a„_i+a„ A 7p 

j=l i=l 
n-2 

A 7p' + e„_i72a„_i+a„ A 7p', q, dj, E M. 

i=l 

From ([ID]), 

d7ai+ai+i = iila, /\la,+ i, 

d'yai+ai+i+ai+2 ~ '^i 7ai+«i+i 7ai+2 + '^i 7«i A 7q, ._^^+q, ._^2 ) 
rf72a„_i+a„ = Sn-l7a„-l 7a„-i+an> 

with ^j, sj, s?, all non-zero. 
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Putting this all together we reach: 

n— 1 n—1 



i=l i=l 
n-2 

) A7p 

j=i 

n-2 

- Y daa,+ai+i+a,+2 A (i7p + d„_lS„_i7„„_i A 7a„-i+an A 7p - (i„_i72a„_i+a„ A d^ip + 
i=l 

n-2 n-2 

7ai+Q!i+i A 7ai+2 "I" '5i7oi A 7oi+i+Oi+2) A 7p' 

i=l i=l 

- e„_iS„_i7o„_, A 7a„-i+a„ A 7p' - en-l72a„_i+a„ A (i7p/. 

Since l{p) = i{p') = k — 2, djp, d'jpi G A^Vfc_3. In addition, 5 = a2 + p = ai + p' implies 

c^7<5 = bi7a2 A 7p + 627ai A 7p' + r', 6i / 0, 62 / 0, with r' G AVfc_3. 
Therefore, the component of -duji in Ll_^ A L* A LJ © L^_2 A A is 

n—1 n—1 



(19)- ^ CiCi7a. A Ja,+i A 75 + ^ Caa,+a,+i A {hjai A 7p + ^27ai A 7p') - 
1=1 i=l 
n-2 

- dt{s}7a,+a,+ r A 7^,^+2 + sfja, A 7a,+ i+a,+2) A 7p - (i„„iS„_i7c,„_i A 7a„_i+a„ A 7p - 
i=l 

n-2 

- Yl ei(Si7a,+a,+i A 7a,+2 + ^ha, A 7a,+i+a,+2) A 7p/ + e„_iS„_i7c,„_i A 7a„_i+a„ A 7p/. 
i=l 

The components of da and — dwi expressed in Eqns. ([T8]) and ([T9|) respectively, coincide. Following 
usual computations we get that Cj, ej are zero for all i = 1, . . . , n — 1 and j = 1, . . . , n — 2 which 
simplify Eq. (jl9p . After some other simplifications we obtain once again that (7 = and then any 
closed 2-form in n belongs to A'^Vk-i which is equivalent to E!^(n) = 0. 

When n = 3 the Lie algebra n has dimension 9 and the proof is made by direct computations using 
a mathematical software. ■ 



Proof. Part (2) of Theorem 14.11 Suppose g = so(2n + 1, C) for some n > 3. 

We perform the proof for n > 5. Consider the Cartan Lie subalgebra such that the set of positive 
roots is = {ej ± Cj : I < i < j < n, ei, i = 1, . . . ,n}. Then dimn = n^. The simple roots are 
{oj := ei — ej+i : z = 1, . . . , n — 1, a„ := e„} and the maximal root amax is ei + 62 = ai + 2 Y17=2 ^i- 
As a consequence n is 2n — 1-step nilpotent; set k = 2n — 1. Here we also have dim Lfe_i = 1; the root 
of level A: — 1 is now 5 = ai + a2 + Y1^Z2 "^(^i- 
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Let oj € A^n* be a closed form and let a and Cj be as in (jlOh . In this case we study the components 
of da and dio in L*^^_i A A © A L2 © i^_3 A L3 A which must be opposite since 

{) = (hj = da + du). 

Recall that a = ^a^^.^ A rj with r] a linear combination of the 1-forms 7q,. , i = 1, . . . ,?7-. There are 
two roots of level k — 2, namely p = ai + 02 + + ^^^'^ p' = a2 + XlILa 2"^*- '^^^ roots of 

level k — 3 are 6* = ai + 02 + as + a4 + 2 XlILs '^i ^^"^ ^' = 0:2 + 03 + 2 ^"=4 a^. 

Notice that 

"max = (5 + 02, Qmax = P + (02 + as) = p' + (ai + "2) and 

"max = 6* + (02 + 03 + Q4) = 6*' + («! + 02 + 03). 

This implies 

(20) d-Ja^n.^ = ai -fa2 A 75 + a2 Taa+ag A 7p + 7ai+a2 7p' 

+04 7a2+a3+a4 A 7e + 05 7^1+02+03 A j0> + T, / 0, Vi, and r e A^Vfc_4. 

Then da = d7a^,, A r? is 

da = ai7a2 A75 A?? + a2 7a2+a3 A7p A7? + a3 7a,+„2 A7p' At? 

+04 7Q,2+a3+a4 A 761 A r/ + 05 701+0,2+03 A 70/ A ?7 + f, with f G A^T4_4. 

The component of da in L^_^ A A © L^_2 A A © L^_3 A L3 A is 

Ol 7a2 A 75 A 77 + 02 7a2+a3 A 7p A ?? + 03 7ai+Q2 ^Ip' ^r] 

(21) +04 

702+03+04 A 761 A 77 + 05 701+02+03 A 7e' A 77. 

To compute the component of du in the same subspace, take ui and uji such that w = wi + wi 
where 

wi e L2 A © L3 A Ll_2 © L4 A Lfe_3 and 

<^ieL^_iA(0 L*)©L^_2A(0 L*)©L^_3A(0 A'(^L4 ® ' ' ' © ^D- 

j<fc-l j<fe-l j<fe-3 

jV2 jV3 jV4 

The 3-form duji has zero component in L*f^_-^ AL^AL^ © Ll_2 A A © i^„3 A L3 A . Therefore 
the component of du in that subspace is that one of doji and to compute it we will make use of the 
following formulas obtained from Eq. ([9]): 

d-ys = &i7o3 A 7p + 62701 A 7p' + 63761 A 703+04 + r', 

(22) d-jp = ui 7oi A 70/ + V2 704 A 7^ + r", 

dip' = Ml 7o3 A 70/ + r'", con r', r", r" € A^ Vfc_4 

The difference between d7p and d'ypi is due to the lack of simple roots /3 verifying 6 + (3 = p'; in 
opposite to p which verifies p = 9 + a^. 
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Notice that £{6) = i{9') = k — 3, hence and 'je' are m Vk-3; d'ye and d^g' are elements in 

AVfc_4 = A2(L^_4e---eLt). 

The roots of level two are aj + Oj+i, i = 1, . . . , n — 1, which gives the following basis of L'^_i A Lg: 
{Tcfj+Oi+i i = 1, . . . , n— 1}. In addition, the roots of level three are i = 1, ■ ■ ■ ,n — 2 

and Un-i + 2a„. Therefore L*^ A L*_2 is spanned by {7a,+a,+i+a,+2 A 7p,la,+a,+i+a,+2 A 7p' : « = 
1, . . . , n - 2, 7a„_i+2a„ A 7p, 7a„_i+2Q„ A 7p'}. Finally, the roots of level four are + Oj+i + 0^+2 + 
"1+3, « = 1, ... ,n - 3, and a„_2 + + 2a„. Since n>5, A;-3/4 and {ja.+ai+i+ai+i+a.+a A 

7e, 7a.+a»+i+a,+2+a,+3 A 7^' , i = 1, . . . , n - 3, 7a„-2+«n-i+2a„ A 7e, 7an-2+«n-i+2a„ 79'} is a basis of 
Ll_,ALl. 

To make computations easier, write wi G A L^_-^ © L3 A L^_2 © L| A L^_3 as wi = + + wf 
where for some coefficients Ci,di,eifi, gi E M, it holds 

n-l 

i=l 
n-2 



^ 7a,+«.+i+a»+2 /\ 7p + rfn-1 7Q„-i+2a„ A 7p + 
i=l 

n-2 

+ ^ 7a,+a,+i+a,+2 7p' + Cn-l 7a„_i+2a„ A 7p/ G L3 A Lfc_2, 
j=l 

3 

7«i+ai+l+Q:i+2+Oi + 3 A 761 + /n-2 7an-2+On-l+20n A 761 + 

1 

n— 3 

3 A 7e' + 5fn-2 7a„-2+a„-i+2an A 7e' G Ll Ml 



i=l 

n— 3 



i=l 

n— 3 



fc-3- 

i=l 

The differential of the basic elements of -L2, y L\ are 

dja,+ai+i = iila,f\la,+i: 

'^7aj+«i+i+ai+2 ~ Si 7ai+«i+i 7ai+2 + '^i 7«i A 7Q,j^-^+Q,^_^2 ) 

C^7a„-i+2a„ = Sn-l7a„-i+an 7a„> 

J 1 2 3 

"7ai+«i+i+ai+2+ai+3 ~ loLi 7ai+i+«i+2+Oi+3 7«i+ai+i A 7Q.^2+ai+3 7«i+ai+i+«i+2 A 7q. -_,_3 , 

(i7a 

n — 

2+o„_i+2o„ — in-2 7o„_2 ^ 7an-l+2a„ + ^n-2 7«n-2+On-i+an 7an ) 

where ^i, are all non-zero. 

The differential of ujI is by ^ 

n—l n—1 n—l 

'^l = X] '^7a.+«»+i A 75 - ^ Ci 7a,+a,+i A ^75 = ^ Q 7„, A 7„^+, A 75- 
i=l 4=1 i=l 

n-l 

^ Ci 7a,+a,+i A (61 7^3 A 7p + 62 7ai A 7p/ + 63 7e A 7^3+04 + r') . 

i=l 
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Then the component of duf in A LI A LI Ll_^ A A L^_3 A L3 A L^; is 

n—l n—1 
(23) ^ a Ja, A -fa,+ , A 75 - ^ 61 Ci 7a,+a.+ i A Tag A 7p + ^2 Q 7a.+a.+i A 7ai A 7p/ , 

i=l 1=1 

since r' G = A^(^fe_4 © • • • © ^I) and 7a,+«»+i A 70 A 7«3+a4 G -i^2 -^^2 ^fe_3- 

In a similar way we compute the components of dcjj and duf in A A L^_2 A L2 A 
-^fc_3 A L3 A which are: 

- component of da; J: 

n-2 

{disj 7a>+a,+ i A 7a.+2 A 7p + Sj^C^i 7a. A 7a.+i+a,+2 A 7p) + d„_iS„_i 7a„_i+a„ A 7„„ A 7p + 

i=l 

n-2 

- ^ (dil/i Jai+a,+,+a,+2 A 7ai A 7^/ + diU2 7ai+a,+i+a,+2 A 7^4 A 70) - 7a„_i+2a„ A 7^1 A 75/ + 

1=1 

n-2 n-2 

-(24^„_i7„„_i+2a„ A 7q4 A 70 + ^ disl 7a.+a.+i A 7„,+2 A 7p/ + ^ diS^^ -fa, A 7Q.+i+a.+2 A 7p' 

j=l 1=1 

n-2 

7a„_i+a„ A 7a„ A 7p/ - ^ (ij^i 'Jai+a.+i+a.+i A 7a3 7^' " ^n-l^l 7a„-i+2a„ A 7^3 A 70/; 

i=l 

notice that, in fact, the elements of belong to L^„2 A L2 A © Ll_^ ALKALI. 

- component of dcjf : 

n— 3 

A 7a.+3) A 70 + fn-2{t\-2la^-2 A 7an-i+2a„ + 

j=l 

n-3 

+t„_27a„-2 n 

A 7a„) A 70 + ^ Si (t ■ 7a, A 7c, A 7a,+3) A 7e' 

j=i 

(25>f5r„_2(in-27a„-2 A 7a„ _l+2a„ + ^n— 27o„_2+«n-l+On 

In this case, the elements of (p5]) are in L*i^_^ A L^ A L\. 

The component of -duJi in L^_-^ A L^|; A L^_2 A A L^_3 A L3 A L^|; is obtained from 
Eqns. (j23p . (|24p and (j25p and, at the same time, it coincides with 3- form in (j2ip . 

The part in L*^_^ AL\ AL\ of ([2T]) and that of —duJi are equal, that is. 



n n—l 

Oi Ti 7^2 A 75 A 7a, = ^ Ci 7a, A 7a,+i A 75. 
i=l i=l 
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This imply rj = for all 4 < i < n. Putting this in (I2ip and looking at the part in -Z^^_3 A Lg A of 
—dui we obtain 

3 

^ rii (04 7a2+a3+a4 A 70 + 05 7a,+„2+Q3 A 70/) A 7^^ = 

i=l 
n— 3 

i=l 

n— 3 

A 7a,+3) A 7e' 

Hf^)-2(tn-27a„_2 A 7a„-i+2a„ + tn-27Q„-2+an-l+«n A 7a„) A 7^/ 
n-2 

- ^ (dil/i 7a.+a,+ i+a,+2 A 7ai A 70/ + diU2 7ai+a,+ i+a,+2 A 7a4 A le) " ^n-ll^l 7an-i+2a„ A 7„, A 70/ + 
i=l 

n-2 

-i^2dn-l7Q„-i+2Q„ A 7q4 A 70 + ^ di^l 7a»+a,+ i+a,+2 A 7^3 A 7e' - dn-1^1 7a„-i+2a„ A 7^3 A 70/ 

i=l 

Being careful and comparing term by term we deduce that r2 = ra = and fi = di = for all i > 2. 
Comparing one more time we reach ri = and therefore a = 0. As before, this implies E^(n) = 0. 

If n = 3 or n = 4 then the intermediate cohomology groups E^{n) were proved to be zero 
throughout a computational program. ■ 

Proof. Part (4) of Theorem 14.11 The family of simple Lie algebras so(2n,C) is defined for n > 4. 

Let [} be the Cartan subalgebra for which corresponds the following set of positive roots = 
{ei ± Cj : I < i < j < n}. Hence dimn = n(n — 1). The set of simple roots is Aq = {oj := Cj — Cj+i : 
i = 1, . . . ,n — IjOn := Cn-i + e„} and the maximal root Omax is ei + 62 and can be obtained as 
«max = ai + 2 X]r=2^ '^i + Q^n-1 + "n- Then n is 2n — 3-step nilpotent. Define k = 2n — 3. As in the 
previous case dimL^^i = 1 and the root of level k — 1 is 5 = ai + a2 + Y11^Z2 2a« + ctn-i + "n- 

If n > 6, then the proof of the previous case applies. Actually, the root system corresponding to 
so(2n, C) has two different roots of level k — 2 which are p = ai + 02 + 03 + 2 Y11=a '^i + Q^n-i + On 
and p' = a2 + YJi=2, + "n-i + 

There are two roots of level three if n > 6 and in there is only one in other case; this is why we add 
the hypothesis n > 6 to repeat the proof made for the family so(2n + 1,C). In this case the roots of 
level A; - 3 are 6* = ai + 02 + 03 + "4 + 2 Yl^=b + ""-1 + ^ri and 6*' = Q2 + 03 + 2 Ya=I + "n-i + "n- 

For these roots the same relations as for the last case hold: 

"max = (5 + 02, Omax = p + {a2 + 03) = p' + ("l + 02) 



"max = 6* + (02 + "3 + "4) 



= 6' + (Oi + 02 + 03). 
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Then Eq. (i20]l is valid, and so are Eqns. (f2T]l and (f22]) . The roots of level two, three and four are 
£ = 2 : ai + Oj+i, i = 1, . . . , n - 2 and Qn-2 + On- 

£ = 3 : ai + Oj+i + aj+2, i = 1, . . . , n — 2 and Qn-s + an-2 + "n- 

£ = 4 : aj + Oj+i + ai+2 + "i+s, « = 1, . . . , n - 3 and a„_4 + a„_3 + a„_2 + an- 

Notice that the differentials of the elements of the basis of L2, and L\ do not coincide with those 
in the previous case. Nevertheless, they have the same behavior. Proceeding in an analogous manner 

2 

we obtain also in this case that £^00 (n) = 0. 

2 

For n = 4 and n = 5 we used a computational program to verify that £^00 (n) = in both cases. ■ 
From the proof of the classification Theorem we can state the following: 

Corollary 4.3. For a nilpotent Lie algebra n as in Theorem \4-^ of dimension > 2 the followings 
conditions are equivalent: 

(1) any even dimensional trivial extension © n is symplectic, 

(2) E^Jin) + 0, 

(3) = s[(3,C) or s = so (5, C). 
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